Abstract. We study the global stability of two models for the HIV virus dynamics, that take into account the CTL immune response and antigenic variation. We show that both models are globally asymptotically stable, by using appropriate Lyapunov functions.
Introduction
A number of population dynamics models have been proposed in order to describe the HIV in-vivo dynamics (Perelson & Nelson 1999 , Nowak & May 2000 . Although these models have distinct features, since they attempt to incorporate different aspects of the interaction between the virus and the immune system, many of them share a common long-term behaviour, evolving towards an isolated equilibrium state (Nowak & May 2000) .
The basic model for the HIV in-vivo dynamics is given by a three-by-three, first-order system of ordinary differential equations (ODEs)- (Nowak & Bangham 1996 , Bonhoeffer, et al. 1997 , Nowak & May 2000 : In this model, x denotes the uninfected cells, y the infected cells and v the free virus particles. The average lifetime of an infected cell is 1/a, while the average lifetime of a virus particle is 1/u. The total number of virus particles produced by an infected cell is k/a. Healthy cells are infected at a rate βxv. New CD4+ T cells are produced, in the thymus, at a rate λ, and die at a rate dx.
System (1) has two equilibrium points:
(1) The disease free equilibrium: x * = λ/d, y * = v * = 0;
(2) The endemic equilibrium: x * = au/βk, y * = (βλk − dau)/βak, v * = (βλk − dau)/βau.
The long term dynamics of System (1) can be entirely described in terms of the dimensionless parameter (2) R 0 = βλk dau , also known as the basic reproductive ratio.
If R 0 ≤ 1, the disease free equilibrium is a global attractor, and the infection cannot persist. If R 0 > 1, the endemic equilibrium becomes a global attractor, and the infections persists indefinitely. This has been first observed numerically (Nowak & Bangham 1996 , Bonhoeffer et al. 1997 , Nowak & May 2000 . Mathematical proofs of these global stability characteristics were given by de Leenheer & Smith (2003) , using Hirsch's theory of competitive differential systems-see Smith (1995) -and by Korobeinikov (2004a) using a Lyapunov function approach.
Given the notable ability of the HIV to escape from immune response, there is interest in studying models that account for a more detailed immune response as, for instance, the role of cytotoxic T lymphocytes (CTLs). An example is the following four-by-four system of ODEs (Nowak & Bangham 1996) :
System (3) extends (1) by introducing the z variable, that denotes the CTL response.
Infected cells are killed at a rate pyz, while antigen stimulation produces CTL cells at a rate cyz. In the absence of such a stimulation, CTL cells decay at a rate bz.
In the same vein, the high mutation rate of HIV naturally leads to the study of the interplay between immune response and virus diversity for a number of different strains.
The immune response produces a selection pressure on these different strains of the virus, as discussed in Nowak & Bangham (1996) , when studying and numerically analysing the following (3n + 1)-by-(3n + 1) first-order ODE system:
In all these models, there is the question as whether the long term dynamics approaches an equilibrium or, more generally, an attractor, and how this might depend on the initial condition. There is compelling numerical evidence-cf. (Nowak & Bangham 1996 , Bonhoeffer et al. 1997 , Nowak & May 2000 -that Systems (3) and (4) are globally asymptotically stable. However, no mathematical proof of this fact seems to be available. In System (4) there is also the question of determining the antigenic diversity at the equilibrium.
In this work, we study the stability characteristics of the models given by (3) and (4) following a Lyapunov approach, which is closely related to the one given by Korobeinikov (2004a) and Korobeinikov (2004b) . More precisely, using both a natural extension of the Lyapunov function given in Korobeinikov (2004a) , and a slightly modified form of it, we are able to show global asymptotic stability results for both Systems. In Section 2, we study the global stability characteristics of (3). In Section 3, we study the equilibria and global stability of System (4) under the assumption of unique fitnesses of the strains. In this case, we determine the possible equilibria of (4), and show than there are 2 n−1 (n+2) equilibrium points. We also show that system is globally asymptotic stable, and we determine what is the global attractor in the nonnegative orthant of R 3n+1 . As a byproduct, we characterise the attained diversity and show that it is monotonically increasing with the strength of the immune response. Some additional results for the case of nonunique fitnesses are also presented.
The model with immune response
In this section, we shall study the global asymptotic stability of system (3).
2.1. Equilibria. System (3) has three equilibrium points, which are as follows:
These equilibria can be conveniently written in a uniform notation. Let R 0 be as in (2) and, following Pastore (2005) , let
We shall call I 0 the immune strength. It will play an important role in the study of the stability characteristics of both (3) and (4).Then, we may write:
where In Nowak & Bangham (1996) , it was already observed that, in addition to R 0 , the quantity cy * /b is also important in determining the global equilibria. In a more precise fashion, Nowak & May (2000) define
which they term the basic reproductive ratio in the presence of immune response. However, we find more convenient to write
2.2. Stability. As a preliminary remark, we observe that the plane z = 0 is invariant through the flow of system (3). In this case, it reduces to (1) and, hence, it has the same global stability characteristics mentioned above. Notice also that the nonnegative orthant of R 4 is a positve invariant set for (3).
We can now state and prove our result for system (3):
Theorem 1. For system (3), defined on the nonnegative orthant of R 4 and with initial condition at its interior, there is always a globally asymptotically stable equilibrium, given as follows:
Proof. Let
be an equilibrium of (3). Following Korobeinikov (2004a), we consider the following Lya-
In order to simplify the presentation, we take the convention that, when · * is zero for some equilibrium coordinate, the corresponding log term will be absent.
We then compute:
Notice that the formula above, with the convention previously indicated, is valid for both zero or nonzero · * , and also thatV = 0 at an equilibrium point. On substituting (3) onV , we obtain thaṫ
Using the uniform notation for the equilibrium coordinates, we can rewriteV as follows:
Hence, we have thaṫ
The last term is always negative, since I 0 > 0. Also, the v term is nonpositive, for v > 0
the remaining terms are also always nonpositive. ThusV < 0, and X 1 is a stable equilibrium, if R 0 ≤ 1.
For i = 2, we have thaṫ
If R 0 > 1 and R 0 < 1 + R 0 /I 0 , then we have that all terms, but the first, are clearly nonpositive. This expression can be further rewritten aṡ
Using the arithmetic-geometric inequality, we have that
Thus,V < 0 on R 4 + , and X 2 is a globally stable equilibrium in this case.
For i = 3, we shall use a different Lyapunov function, which we shall denote also by V .
Namely,
We computeV :
This can be rewritten aṡ
On substituting for Q * 3 , we find, after some manipulation, thaṫ
Clearly, 0 < η < 1. We can then write:
Once again, by the arithmetic-geometric inequality, we have that
Combining both estimates, we have thaṫ
Equality occurs only at points where
Inasmuch this plane is not invariant by the corresponding flow-unless v = v * , y = y * and z = z * -we have global stability of X 3 as a consequence of LaSalle's theorem (LaSalle 1964) .
The model with antigenic variation
We now study the model given by system (4), where, without loss of generality, we order the β i 's increasingly according to i. Namely,
We also observe that similar remarks apply here: the planes z i = 0 and the nonnegative orthant of R 3n+1 are positive invariant sets for (4).
Remark 2. The original model by Nowak & Bangham (1996) has a virus production rate that depends on the virus strain. However, as remarked in Pastore (2005) , we can assume it to be strain independent, by writing
which leads to system (4).
Then, the ordering of the β i s imply that we have
0 . The equilibria and stability characteristics of (4) depend significantly whether the β i s are distinct or not. In §3.1 and §3.2, we describe the equilibria and study their stability in the case of unique fitnesses, i.e., we assume that if β i = β j , then i = j. In this case, we can order the strains such that
Additional remarks when the fitnesses are not unique can be found in Section 3.3.
3.1. Equilibria. Let N = {1, 2, . . . , n}. It turns out that the equilibria of (4) can be conveniently indexed by (j, J ), where J ⊆ N , and either j = 0 or j ∈ J . The corresponding equilibrium point will be denoted by X j,J . Also, for a given J ⊆ N , we set
Using this notation, we have Lemma 1. System (4) has 2 n−1 (2 + n) equilibrium points which can be written as 
(4) Given a proper subset J ⊂ N , and 1 ≤ j ′ ≤ n, j ′ ∈ J , we have that
for i ∈ J , we have
For i ∈ J , and i = j ′ , we have
Proof. The first equilibrium is trivial. The second type of equilibria is obtained by choosing an index j such that z j = 0, but y j = 0. We can choose only one such j, since this determines x. For the other indices i, we set y i = v i = z i = 0. The first equation then determines v j . The third type is obtained by choosing a set J of indices, such that, for i ∈ J , we have z i = 0. This readily determines y i and v i . For i ∈ J , we have
Finally, the last equilibria is found by having a set of indices J , as in the equilibrium of the third type, and then choosing an index j ∈ J as in the second equilibrium. Again, only one j can be chosen.
Stability analysis.
We are now ready to study the stability of the equilibria of system 4. Surprisingly, although there is a large number of equilibria, only three of them will be globally stable. Recall that we are assuming that
Theorem 2. For system (4), defined on the nonnegative orthant of R 3n+1 and with initial condition at its interior, there is always a globally asymptotically stable equilibrium given as follows:
(b) The equilibrium X 0,J is globally asymptotically stable.
Remark 3. Theorem 2 shows rigorously some of the inferences that have already been made in Nowak & Bangham (1996) based on the simulations of System (4). More precisely, we have that
(1) If all the strains are sufficiently weak, then the infection cannot persist.
(2) In the case of sufficiently strong strains, then, for a given set of reproductive numbers, the immune strength-I 0 -controls the diversity of the equilibrium. On one hand, for smaller I 0 , only the strongest strain will persist. On the other hand, if the immune strength is sufficiently large, then a number of strains will persist.
(3) Let us define
The set I is index set of the viable strains. Then, as I 0 increases the index set J approaches I. Thus, stronger responders will exhibit a larger antigenic variation at equilibrium than weak responders.
(4) For initial conditions with all z i = 0, X n,∅ will be the global attractor when R n 0 > 1.
Proof of Theorem 2. For the first two equilibria, we consider the following Lyapunov function:
with the same conventions used in Section 2.
ComputingV yieldṡ
Using (4), we obtain thaṫ
On using the structure of equilibria of (4), we may writeV as follows:
For X 0,∅ , we find, using Lemma 1, thaṫ
Thus, if R i 0 ≤ 1, for i = 1, . . . , n, then a similar argument used for X 1 in §2 shows that we must haveV < 0 and, hence, that X 0,∅ is globally asymptotically stable in this case. Now, suppose that 1 < R n 0 ≤ 1 + R n 0 /I 0 . In this case, Lemma 1 yields thaṫ
We observe that, since
Therefore, the last two terms in the expression forV are negative.
The remaining terms are the same that appear in the Lyapunov function used to study the equilibrium X 2 , in the model with immune response, with R 0 replaced R n 0 , but satisfying the same hypothesis. Hence, the same argument shows that these terms are nonpositive. This yields thatV < 0 in R 3n+1 + , and that X n,∅ is a globally asymptotically stable equilibrium.
Finally, assume that R
The first condition, and the fact that R 0 > 1 + R n 0 /I 0 imply that n ∈ J , and that z n > 0. We shall show that such an index set J is unique, and that there exists 1 ≤ n 0 ≤ n, such that J = {n 0 , . . . , n}. In order to show this, we observe that these conditions can be written as
We have already seen that n ∈ J , so J is not empty. Let n 0 be the smallest element of
0 − 1), and thus n 1 is in J . The construction shows that J is unique.
We now show that X 0,J is globally asymptotically stable.
In this case, we use the following Lyapunov function
ComputingV , we obtain:
Using the general structure of the equilibria, this can be rewritten aṡ
Using Lemma 1, this can be further recast aṡ
We treatV 2 first. The last term is clearly negative. Also, since for i ∈ J , we have that
Hence,V 2 < 0, when J = N . Then, we may writeV 1 aṡ
The calculation now proceeds analogously to the one performed in the study of the X 3 equilibrium of the model with immune response.
For each i ∈ J , we have
After combining these estimates and summing for i ∈ J , we get thaṫ
and thus we have the result, If J is a proper subset of N . In the case that J = N , we can appeal again to LaSalle's principle as done before.
3.3. Nonunique Fitness. Given the non-generic nature of this case, we shall only briefly discuss the stability when some of the strains have the same fitness, i.e., there exists at lest one index set Γ, such that β i = β j , for i, j ∈ Γ. Notice that, in this case, we have non-isolated equilibria.
We start by observing that the computation with the Lyapunov function for the equilibrium X 0,∅ does not depend on the uniqueness of fitness. Hence we have If x(t, x 0 ) is a solution of (4), with initial condition x 0 , then x(t) → E Γ , as t → ∞.
Proof. Let us denote the omega set of x(t, x 0 ) by Ω(x 0 ). As shown in (Pastore 2005) , the solutions to (4) are bounded in R 3n+1 +
. Hence, Ω(x 0 ) is compact.
Using the same Lyapunov function for X n,∅ as in Section 3.2, we find thaṫ
The same calculations in section 3.2 shows thatV ≤ 0. However, notice thatV = 0 in E Γ .
If s ∈ R N and S ⊂ R N is closed, then let Remark 4. Numerical calculations of (4) using a high order Runge-Kutta method suggest that, in the case treated by proposition 1, a solution of System (4) will converge to a unique equilibrium point in E Γ , that depends only on the initial condition.
Finally, when the viable set of strains is not the full antigenic variation, we have Proposition 2. If R n 0 > 1 + R n 0 /I 0 , and J = I, where J is as in Theorem 2, and I is as in Remark 3, we have that X 0,J is a globally asymptotic stable equilibrium.
Proof. The existence of the unique set J , and the estimateV 1 ≤ 0 remain valid also in this case. Moreover, if J = I, then we must havė V 2 < 0, which yields the result.
